2nd  International  Symposium  on  Imprecise  Probabilities  and  Their  Applications,  Ithaca, New York, 2001

No-Trade in Financial Markets with Uncertainty

	Marcello Basili

Department of Economics,

University of Siena

Basili@unisi.it 


	Fulvio Fontini

Department of Economics,

University of Siena

Fontini@unisi.it



Abstract

In this paper a Radner economy is considered with Uncertainty, modeled by means of the Choquet Expected Utility. Agents are split into two categories: optimists, who hold a concave capacity, and pessimists, who hold a convex one. A no-trade theorem is stated and proved under the assumption of common beliefs with uncertainty.
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1   Introduction

In a fundamental paper, Radner (1968) defines a sequence economy for goods and securities in which agents have asymmetric information about the states of the world, represented by their different partitions of S and points out the existence of equilibrium in which trade takes place at every date and realized state. Unlike Arrow (1953), who assumes the existence of perfect price foresight, Radner proposes the concept of common expectation. Common expectation requires that all agents “associate the same future price to the same future exogenous events, but does not require them to agree on the subjective probabilities associated with those events” (Radner 1972, p. 289). Assuming that the traders associate the same future prices to the same events, “does not necessarily imply that they agree on the joint probability distribution of future prices, since different traders might assign different subjective probabilities to the same events.” (Radner 1972, p. 289). In other words, instead of assuming rational expectations Radner argues that prices both encompass and reveal all the information needed for trading and each agent improves her/his knowledge in a Bayesian manner and demonstrates the existence of equilibrium in that exchange sequence economy.

In a competitive market with no transaction costs, if the number of linearly independent securities equals all the possible states of the world markets securities are complete and portfolios of securities can replicate any pattern of returns across states (Arrow 1953, Radner 1968). 

Let a security a:S(RS be defined by its vector of returns in different states of the world, such that aj=1 if s=j and aj=0 otherwise, and let 
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be the price vector of securities. Any marketable portfolio
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:S(RS can be constructed and it equals a finite list of marketed securities and, with no transaction costs, the cost of the portfolio C(
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. Such a portfolio can be considered equivalent to an asset 
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 that exactly yields an equal amount. No arbitrage condition implies that two portfolios 
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 and (, which yield the same payoff, have the same cost, that is  C(
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Under both no arbitrage and no transaction costs conditions, the market value of any asset is the expected value of its discounted future dividends or payments. By no arbitrage and no transaction cost conditions, the pricing functional of the economy is unique, positive and linear.

In Arrow’s model the security prices can be normalized so that they sum up to one and the summation of security prices may be interpreted as a probability distribution on the space of states. It is remarkable to note that the derived probability distribution is not a probability distribution (subjective or objective) of the agents on the set of states of the world, but it is simply ‘ a weighting of the states made by prices which express an aggregation of agents behaviors towards uncertainty’ (Chateauneuf ‘et al.’ 1992).

Some recent articles (Chateauneuf ‘et al.’ 1992, Simonsen and Werlang 1991) have shown that the valuation of an asset will be not a linear pricing rule (Lebesgue integral of the asset payments) but will be obtained by Choquet integral of the asset payments (non-linear pricing rule), if an agent has a non-additive measure or a capacity on (S,(). By a non-linear pricing rule, there might be portfolio inertia, that is an interval of prices within which each agent neither buys nor sells short the asset (Dow and Werlang 1992). 

In this paper we assume that a finite set S of states of the world exists; agents face Knightian uncertainty about future events, but they have common beliefs. Rather than supposing that agents foresees a common expectation, as in Radner (1972), we suppose that agents share some ‘common doubt’ on the probability distribution. In other words, agents agree about the structure of the portfolio that generates a given asset, but they disagree with respect to probability of future states of the world. Roughly speaking, they assume that an asset is completely defined by its flows of payments and take as given the structure of the replicating portfolio of securities. However, since the ‘probability distribution’ induced by the replicating portfolio does not represent the probability distribution on future events, they might have quite different probability distributions, that depend on their beliefs about these events. These beliefs are common since they have at least one ‘common’ price on which they all agree. 

Billot ‘et al.’ (2000) assume that agents are uncertainty averse, and show that communality of belief is a necessary and sufficient condition to obtain Pareto-efficiency implying that no trade takes place. 

We connect the two approaches of Dow and Werlang (1992) and Billot ‘et al.’ (2000) in a Radner economy with uncertainty, assuming that agents are split into two classes: the uncertainty seeking agents (optimists) and the uncertainty averse ones (pessimists).
 Under the hypothesis of belief communality, a no-trade theorem is proved. This has a quite strong consequence. As a matter of fact, belief communality requires that for some price, agents’ beliefs coincide. The no-trade theorem shows that such a condition is necessary and sufficient to prevent agents to trade for all levels of prices, provided that agents are pessimists (uncertainty seeker) or optimists (uncertainty averse). 

The paper is organized as follows. In section 2 the model is worked out and the no-trade theorem is derived. Proof is in appendix, after concluding remarks.

2  Uncertainty and the No-Trade Theorem

Let S=(s1,...,sn( be a non empty set of states of the world and let ((2S be the set of all events. On the measurable space (S,() let  be a probability, or measure, that is, a function : (([0,1]; then the triple (S,(,) is a probability space. 

It is assumed that an asset is fully defined by its future payments, which depend on the state of the world that will occur. By no arbitrage condition, there exists a unique additive measure , such that the value of any asset in L, the set of all marketed and marketable assets
, is the expectation of its payments.
 As a consequence, an asset may be considered a random variable (:S(R of its payments ((si), where si(S, and assets are ranked with respect to their market values, that is ((,((L (((  if and only if 
 ((si) ( ((si) and 
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The replicating portfolio defines the value of a given asset; it is assumed to be the Radner’s common expectation. Nevertheless agents face Knightian uncertainty and they are assumed to be either pessimists or optimists.

Let (:( ([0,1] be a capacity and 
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 the Choquet Integral (CI) defined w.r.t. v. Assume there is a representative pessimist player who holds a pessimistic belief given by the convex capacity (p , and for whom 
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 is her Choquet integral. Similarly, let vo be the concave capacity which represents the representative optimistic player's belief and let 
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Suppose an agent will sell short the asset  iff its price is higher than its maximum expected value, i.e p > max{
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}; define by P = {p( P | p > max{
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}} the set of price for which an agent will sell the asset, with p( P a generic element. Similarly, an agent will buy the asset iff its price its lower than its minimum expected value: p < min{
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}. Denote by P+ = {p ( P | p < min{
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}} the set of prices for which an agent will buy the asset, P+ = {...,p+,...}. No trade is defined as the case in which max{P+} < min{P}.

Clearly, for additive probability, the maximum expectation will coincide with the minimum one, thus justifying the no-arbitrage assumption of the market equilibrium. However, under Knightian uncertainty this need not to be the case. We can define a situation of ‘inertia’ by identifying a whole set of expected values for which the agent nor buys neither sell the asset (see Dow and Werlang 1992), given that for capacities the maximum expected value will non necessarily coincide with the minimum one.

Notice that in order to analyze the relationship between trade and agents’ beliefs we need to specify agents’ behavior for all possible acts in the market, namely buying, selling or nor buying neither selling the asset. The optimist evaluates her certainty equivalent by means of the best additive distribution in the core of her capacity. According to the illustrated behavioral rule, we suppose that she sells the asset iff its price is higher than the maximum possible expected value of the replicating portfolio, that is evaluated by means of the maximum additive distribution in the core of her concave capacity. For the dual problem, namely buying, we consider the dual capacity. Thus, we suppose that she buys the asset iff its price is lower than the minimum possible expected value calculated with respect to the dual capacity.

Consider now the pessimist. He will consider the worse case, i.e. the expected value associated with the worse distribution in the core of his (convex) capacity. Thus, we suppose he buys the asset iff its price is lower than such a certainty equivalent. On the contrary, he sells the asset (dual problem) iff its price is higher than the expected return associated with the maximum distribution in the core of his dual capacity. Finally, we say that optimists and pessimists share ‘common expectations’ on  if there is at lest one price in common for which both agents face ‘inertia’. See that the set of common expectations can be a singletone, i.e. {p*}, or might include more than just one common belief. As a matter of fact, even though players might share common beliefs, they are either pessimists or optimists and thus consider a whole set of feasible values.

We want to investigate if ‘common beliefs’ is a necessary and/or sufficient condition for pessimistic and optimistic agents to induce them not to trade among each other. In other words, we ask ourselves whether sharing some common ‘doubts’ is sufficient to restrain players from trading for all prices, i.e. even for those price for which they feel sufficiently ‘sure’ to buy or sell the asset. We can show that this is the case, i.e., trade will not take place if agents have common beliefs, stating and proving the following: 

No-Trade Theorem
: In a financial market with optimistic and pessimistic agents there will not be trade iff agents share at least a common belief on the asset 
Proof. Let us prove the if condition. Suppose (a): pessimists buy and optimists sell. This means that p < min{
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} for pessimist, p > max{
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} for optimist. For every convex capacity on (S,() and every function (: S(( there exists a set  = {...,,...} of additive probabilities on (S,(), such that, for all events, (() ( vp (() and 
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|(} [i.e., ( is a threshold value that can be considered as the highest price at which the pessimistic agents will wish to buy a given asset]. Similarly, for every concave capacity on (S,() and every function (: S(( there exists a set ° of additive probabilities on (S, (), such that for all events (() ( (o ((), and 
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|(°} [ is a threshold value that can be considered as the lowest price from which optimistic agents will wish to sell a given asset] (see Chateauneuf 1991, Theorem 3 and 3'). If optimists and pessimists share common beliefs, {} ( {°} ( {(}; thus, p+ = p < 
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|(} ( max{
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|(°} = 
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 < p = p, which implies no trade.

Consider (b): optimist buying, pessimist selling. This means p > max{
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} for the pessimist, p < min{
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} for the optimist. Recall that the CI is 
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 for the pessimist and it is 
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 for the optimist. For every capacity v, there exists a dual capacity defined as vd = 1  v(Ac) ( ( ( (, that shows to which extent the agent believes the complement of an event can happen (for all events). See that the dual of vp, (denoted by vdp) is concave, and the dual of vo (denoted by vdo) is convex. Suppose that agents share common beliefs. By applying the same argument of the previous case to 
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 we would then have p = p > 
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|(o} ( min{
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[image: image36.wmf]b

dv

o

d

S

ò

 > p = p+; which again implies no trade.

Let us prove now the only if part. Suppose that agents share common beliefs: {
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| ( °} ({(}, where {} and {°} are the core of the convex capacity vd  and the concave capacity vo that express pessimist's and optimist's beliefs, respectively. Then, either (c) min{} > max{o} or (d) min{o} > max{} holds true.

If (c) occurs, by simply choosing a price p such that max{o} < p < min{} we have that p < 
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|(}, p > 
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|(°}, where  = , ° = °; this implies min{P+} > max{P}, i.e. trade takes place. This is the case in which pessimist buys, optimist sells.

If (d) happens, choose a price p such that max{} < p < min{o}. It follows that p > 
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|(}, p < 
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|(}, where  = °, ° = . Again, min{P+} > max{P}, i.e. there is trade, with the pessimist selling and the optimist buying.  Q.E.D.

In figure 1, we give a representation of the Theorem for the case of (i) no trade, (ii) trade with pessimist who buy, optimist who sell and (iii) trade with pessimist selling, optimist buying, where + denotes P+,  denotes P and the interval [...] denotes the ‘inertia’. 




(i)

+ + + + + + + + + + +[..….….....]  - - - - - - - - (pessimist)

+ + + + + + + + [......…...] - - - - - - -- - - - - - - (optimist)

____________________________________________ p 


(ii)

+ + + + + + + + + + +   […....…..] - -  - - - - - (pessimist)

+ + + + +  [.....…...] - - - - - - - - - - - - - - - - - - (optimist)

____________________________________________ p 




(iii)

+ + + + + + +  [.............]  - - - - - - - - - - - - - - (pessimist)

+ + + + + + + + + + + + + +  [.…........]- - - - - - (optimist)

____________________________________________ p 

Figure 1

3 Concluding Remarks

Billot ‘et al.’ (2000) have proved a similar no-trade theorem for pessimistic agents who share common beliefs. The proof of their result is based on a separating theorem for convex sets. Our theorem can be seen as an extension of such a result, given that both optimists and pessimists express their beliefs by capacities that have non empty convex cores: o and  (respectively). However, in our approach we better highlight  consequences that derived by dropping the hypothesis of beliefs' communality. As a matter of fact, two quite different outcomes can be sustained, with optimists selling and pessimists buying, or vice versa, according to their respective attitude towards uncertainty. 
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� Without loss of generality it can be assumed that optimistic agents are professional stock or option traders and the others are pessimistic; see Simonsen and Werlang (1991), Fox ‘et al.’ (1996).


� The set of all asset L can be the normed space L2(S, (, p) endowed with the norm topology. For instance see Chateauneuf ‘et al.’ (1992).


� See for instance Chateauneuf ‘et al.’ (1992).


� The ( is in the usual way and the induced ranking of assets is monotonic and respects monotonic uniform convergence (e.g. Chateauneuf ‘et al.’, 1992).


� Assuming a pessimist (optimists) holds a convex (concave) capacity is coherent with the approach of Ghirardato and Marinacci (2000) who shows that convexity (concavity) is a sufficient condition for a capacity to exhibit pessimism (optimism). For different conclusions see Epstein (1999).


� Notice that if we were to relax the strict inequality in the assumption we made on players buying or selling, the theorem should be re-frame replacing ‘at least one’ with ‘more than one’.
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